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ABSTRACT 


*In  aoat  queueing  situations,  it  ia  desirable  that  service  to  customers  be  free 
fro*  interruptions  causing  tiaa  and  service  loasaa.  It  ia  recognised,  however,  that 
in  oertain  oircuaatanoea  controlled  intarruptiona  may  improve  overall  system  performance, 
and  this  idea  is  the  basis  of  all  time  sharing  systems.  In  the  latter,  service  is 
given  in  segments  |  the  customer  may  be  served,  uninterrupted,  for  no  longer  than 
some  predetermined  time  interval  oalled  a  quantum.  If  the  service  ia  not  completed 
within  a  given  quantum,  the  customer  is  dismissed  and  plaoed  in  a  queue,  and  the  next 
custoeer  is  admitted. 

There  are  two  — advantages  to  such  queueing  disciplines:  (&)  the  expected 
waiting  time  of  a  customer  is  an  increasing  funotion  of  the  amount  of  service  demanded 
by  him,  and  (b)  thrf^ total  value  of  the  service  is  sometimes  increased  by  breaking  it 
down  into  segments.  This  is  especially  true  when  running  certain  types  of  computer 
programs.  The  obvious  disadvantages  of  the  time-sharing  models  are  set-up  time  losses 
and  Sophisticated  eupervision  and  coordination  requirements. 

-^This  paper  is  a  survey  of  time-sharing  models  studied  recently  by  the  authors. 

It  oovwre  the  following  single-server  models:  (i)  single  queue  with  infinite  number 
of  potential  customers  -  R.R.li  (ii)  single  queue  with  finite  number  of  potential 
customers  i  (ill)  r  queues  with  infinite  number  of  potential  customers  -  R.R.r,  in 
whioh  a  customer  who  oompletes  hie  i-th  service  segment  joins  the  end  of  the  (ivl)-th 
queue,  the  r-th  queue  is  organised  on  a  "round-robin"  basis,  and  the  server,  when 
admitting  a  customer  to  service,  selects  the  first  in  the  loweet-index'e  non-empty 
queue  t  (lv)  R.R.1.  with  various  types  of  priority  regimes. 

The  quantities  obtained  in  explioit  form  art  queue  sixes,  overall 
unconditional  waiting  times,  and  waiting  times  conditional  on  the  length  of  service 
demanded  by  a  given  customer.  Performance  optimisation  with  respect  to  quantum  sise 
is  also  considered. 

-^Eaoh  model  provide*  a  mtnnn  for  achieving  desired  given  properties.  The 
performance  parameters  of  the  models  are  compared  numerically,  and  the  advantages 
and  weaknesses  of  each  model  are  discussed.  t— ' 
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QUEUEING  MODELS  FOR  TIME-SHARING  SERVICE  SYSTcJtS 
I.  Adiri  and  B.  Avi-Itshak 

INTRODUCTION 

Time-sharing  ia  a  means  for  providing  service  to  a  large  and  diversified 
population  of  customers,  using  remote-access  devices,  with  a  view  to  ensuring 
shorter  response  times  to  short  service  demands  at  the  expense  of  the  long  ones 
and  improving  customer-server  interaction.  The  queue  discipline  commonly  used  in 
single  server  time- sharing  systems  ia  known  as  the  round-robin  schedule  ("bbre- 
viated  R.R. ) .  Under  it,  servioe  ia  given  in  segments  called  quanta,  and  customers 
go  in  and  out  of  service  in  a  cyole,  receiving  one  quantum  in  each  cycle  until 
service  is  completed.  In  the  simplest  form  of  this  type  of  schedule,  oalled  R.R.l, 
there  is  only  one  queue.  Having  completed  a  quantum  of  servioe,  the  server  admits 
the  first  customer  in  the  queue,  who  is  in  turn  entitled  to  one  quantum  at  the  end 
of  which  he  either  has  completed  his  service  and  departs,  or  else  Joins  the  end  of 
the  queue.  Newly  arrived  customers  also  join  the  end  of  the  queue. 

There  are  two  main  advantages  to  such  a  queue  discipline:  (a)  The  expected 
waiting  time  of  a  customer  is  an  i  icreaaing  function  of  the  amount  of  service  demanded 
by  him  j  this  effect  is  achieved  without  prior  knowledge  of  the  specific  service 
length  demanded  by  an  arriving  customer,  and  where  these  service  times  are  known,  the 
same  kind  of  effect  is  obtainable  by  using  "shorter-service-first"  type  disciplines. 

(bj  The  service  is  given  in  small  segments,  with  the  customer  waiting  between  two 
consecutive  segments.  Suppose  the  total  value  derived  by  a  customer  is  the  same 
whether  he  receives  his  service  continuously  or  in  segments.  In  these  circumstances, 
in  the  case  of  a  time-sharing  queue,  the  customer  receives  some  of  his  value  earlier, 
assuming  that  each  segment  has  some  value.  Sometimes  the  total  value  of  the  service 
is  increased  by  breaking  it  down  into  segments  \  this  is  especially  true  when  running 
certain  types  of  computer  programs,  where  knowledge  of  partial  results  may  help  deter- 
mine  how  to  continue  the  run,  if  at  all.  This  property  of  time-sharing  computer 
systems  is  called  the  "conversational  mode".  If  the  fan  turn  is  short,  the  customer 
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■ay  gain  the  iaprassion  that  ha  is  tha  only  uaar  of  tha  computer,  since  ha  haB  an 
individual  remote  console  connected  to  it  and  is  unaware  of  the  other  users. 

In  practice,  there  are  obvious  disadvantages  to  the  time-sharing  queueing 
discipline.  The  server  is  compelled  to  spend  time  supervising  the  traffic  and 
preventing  possible  service  losses  due  to  interruptions.  For  example,  in  a  computer 
system  there  are  ■’housekeeping"  and  "overhead"  time  losses,  and  in  addition  the 
supervising  program  is  complicated  and  occupies  a  larger  portion  of  the  available 
magnetic  core  memory.  Thus,  only  a  eertain  fraction  of  each  quantum  is  utilized 
for  service  and  the  remainder  may  be  regarded  as  losses. 

This  paper  reviews  a  number  of  time-sharing  queueing  models  recently  etudied 
by  the  authors,  with  a  view  to  possible  applications  to  compter  systems  with  remote 
access.  The  models  considered  here  have  a  number  of  features  in  common.  In  parti¬ 
cular,  it  is  throughout  that  customers  arrive  at  a  single  server  system  according  to 
a  Poisson  process  and  that  service  requires  are  mutually  independent  and  exponen- 
tially  distributed  with  mean  l/u.  The  quantum  comprises  two  parts,  the  first  being 
assumed  to  be  of  constant  length  t  (the  set-up  time  of  the  server  representing 
losses  due  to  the  use  of  the  R.R.  schedule)  and  the  second,  of  maximum  length  0, 
known  as  the  quantum  processing  time,  devoted  to  service.  The  actual  length  of  a 
Quantum  is,  then  fore,  a  random  variable  taking  values  in  the  interval  [x,  '  ♦  ■ 


Model  I  -  H.R.l 


The  simplest  model  of  the  type  under  study  is  the  R.R.l  model  where  there  is 
but  one  queue  and  the  population  of  potential  ouxtomere  is  assumed  to  be  infintely 
large,  thie  being  mathematically  reflected  in  the  eesumption  that  customers  arrive 
according  to  a  homogeneous  Poisson  prooesa  with  intensity  1  .  The  exact  queue 
discipline  of  this  model  has  been  described  in  the  introduction.  Denoting  the  length 
of  the  quantum  by  Q  ,  we  have: 


Q 


-u© 

xv©  with  probability  a  =  e 
D  "  "  1  -  a  , 


(1) 


HP* 
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denoting  equal  in  distribution,  and  D  having  a  density  fD(.),and 

„^-n(x-x)/(l  _  a)  (  .  (2J 

fD^  0  ,  otherwise  . 

The  total  tine  devoted  by  the  server  to  a  single  customer,  including  set-up 
times,  is  denoted  by  S 

S  =  (tt  -  l)(r  ♦  #)  ♦  D  ,  ^ 

where  h  is  the  number  of  service  quanta  given  to  the  customer  and  is  geometrically 
distributed.  The  Laplaoe-Stieltjes  (L.S.  )  transform  of  3  is  readily  obtained  as: 

t  (  )  ue^d-a.^)  .  (4J 

LSU)  *  1 - uT — “=Srr*5TT 

(u  *  «)U  -  “•  > 

Let  X  be  the  number  of  customers  in  the  system  immediately  after  the  n-th 
n 

departure.  Then 

X  ,  ■  X  ♦  Y  -  6 

ntl  n 

where  Y  is  distributed  as  the  number  of  arrivals  falling  in  a  time  interval  of 
length  S,  and 


f°  if  Xn  * 

1  if  xn  > 


From  (5)  it  is  obvious  that  the  Martov  chain  {xj  is  statically  the  s^  a.  in  a  h/o/l 
model  where  service  times  are  distributed  as  S*.  The  condition  for  |X^  to  be 
positive  recurrent  is 

p  =  \E(S)  <  1  ^ 

Suppose  Xn  is  stationary  and  let  X  be  distributed  as  Xn,  . .  The 

r.v.  X  represents  the  steady  state  number  of  customers  present  in  the  system  at  points 
of  departure.  From  the  M/<J/l  model  we  have  the  generating  function  of  X  as 

(l-p)(*-l)Ls(\(l-*))  (  v 


— —  ~  ^  4 

"This  property  has  been  already  recognized  by  Talcacs  . 
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It  be  pointed  out  that  tho  distribution  of  X  ia  the  ease  aa  the  stationary 

distribution  of  the  number  of  customers  present  in  the  system  at  a  point  in  tine 
ohoaen  at  randoa.  This  property  ia  a  result  of  the  arrival  process  being  a  homogeneous 


Poisson  prooeaa. 

We  define  the  stationary  first  response  tine  of  a  oustoner,  denoted  by  T^ 
as  the  tine  elapsing  fron  his  arrival  until  his  first  admittance  to  service.  The 
stationary  i-th  (i>  l)  response  tine.  is  the  tine  elapsing  between  the  (i-l)-th 

and  the  i-th  admittances  to  service  of  a  oustoner  demanding  at  leant  1  service 
quanta.  The  total  response  tine.  T,  which  is  the  tine  a  oustoner  spends  in  the 
systaa,  is  nsde  up  of  the  sun  of  his  partial  response  tines.  The  expectation  of  T 
is  obtainable  fron  Bq.  (8)  using  Little's2  theorem. 

k  most  meaningful  measure  in  a  tine-sharing  system  is  the  total  response  time 
of  a  oustoner  whose  service  demand.  L,  equals  t,  the  expectation  of  which  is 


given  as 


B(T|L-t)  -  B(Ti)  ♦  l  -  0(I$]-1)  +  ' 


where  [x]  is  the  smallest  integer  exceeding  or  equal  to  x.  The  expectations  of 
T  (as  well  as  the  L.S.  transforms)  were  obtained  in  closed  form  after  some  rather 
tedious  analysis,  presented  in  detail  in  an  earlier  paper  by  the  authors  •  Substi¬ 
tution  of  B(T^)  in  Eq.  (9)  yields 

B(T|L-f)  - -b(q;(b(x)-p)  +  p  3 ^  ♦  n^TTEpJ { ^) _1  > 

((l-p)(l-c)  +  KB(ft))  ♦  B(Q)(1  -  (pea)(l-p))  ) 


((B(X)-p)(aep(lHi))  (XB(Q2)  *  2 «(•«))  - 
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The  influence  of  various  eyetea  parameters  on  the  performance  of  the  syatan 
is  illustrated  graphically. 

Figure  1  shows  the  relation  between  p  and  9  for  fixed  values  of  n  and  t 
As  is  expected,  the  time  losses  caused  by  the  R.R.l  discipline  are  large  when  the 
value  of  0  is  small,  and  decrease  with  the  9.  It  should  be  noted  that  p>  X/u 
unless  there  are  no  set-up  time  losses,  that  is  t  ■  0. 

The  expected  waiting  time  of  a  customer  whose  service  requirement  equals  l, 
that  is  e(t|l*0,  is  given  in  Figure  2  for  various  values  of  9  .  It  is  seen  that 
E(T|l>=f)  is  practically  a  linear  function  of  (  for  almost  all  values  of  9  .  This 
implies  that  K(T, )  «  e(t„)  a  ...  e(t.)  «  ...,  henoe  Eq.  (lO),  which  is  rather  oomplex 

It:  j 

can  be  replaced  by  an  approximation  based  on  the  assumption  that  E(T^)  are  the  same 
for  all  i  . 

h(T|M)  -  (j]-l)  E(T±)  .  (11) 

t 

The  explicit  form  of  E(t^)  is  given  in  reference  . 

R.R.l  and  FIFO  are  compared  in  Figure  3.  which  yields  the  service  demand 
length  for  which  the  expected  waiting  times  are  equal  in  both  disciplines.  For 
example,  if  a  customer  requires  50  seconds  of  service  and  X/p  *  0.8,  then  for 
9  =  1.15  his  expected  waiting  time  is  the  Bame  in  both  disciplines.  If  his  service 
demand  is  less  than  50  seconds,  he  will  be  better  off  (on  the  average)  in  a  R.R.l 
discipline,  and  vice  versa. 

An  Important  factor  in  designing  a  time-sharing  system  is  the  sire  of  the 
quantum  and  its  component  parts,  %  and  9  .  Im  most  cases  i  is  determined  by  the 
technological  features  of  the  syBtem,  and  it  is  obviously  desirable  to  Iceep  it  as 
small  as  possible.  On  the  other  hand,  the  magnitude  of  9  is  almost  entirely  up  to 
the  designer;  hence  the  importance  of  defining  our  objective  in  terms  of  9,  as 
the  only  controllable  parameter  of  the  R.R.l  system. 

A  cost  function  of  the  following  form  is  used  as  the  objective  function  to  be 
C(9)  =  C2E(T1)  ♦  ]  C1(#)(E(T|ue)-#)ue"M,dt  ,  (12) 


minimized; 


fy  •  ■■  1 

length  of  serr/ce  requirement— b  seconds. 

-jolts  /  fxpected  fotaf  .  Response  Tfne^r 
n  r^trn  Pmmremenr  Of  lOOOtn 


_ _ f  rywn.  t- 

O  Service  Requirement  of  lengtn 
t  as  a  funcr/an  of  c. 

(for  different  rafues  ofe,  7fie  #  #  t  Model) 
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figure  3-  Qynpo/yson  between  fifiJ 

and  f/fO. 


figure  4  7otaf  cast  as  a  function  of  B. 
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In  this  expression  C(«)  is  the  average  coat  per  customer.  The  first  tem  on  the 
right  hand  side  of  the  expression  is  motivated  by  the  desire  to  provide  an  arriving 
customer  with  ready  access  to  the  server;  the  second  term  represents  the  waiting 
cost.  By  choosing  C Jf)  as  a  decreasing  function,  we  accentuate  the  priority  given 
to  short  service  demands.  In  Figure  4  the  form  of  C^O  is 


Model  II  -R.R.l  Modified 

In  the  preceding  model  it  was  assumed  that  even  when  there  is  only  one  customer 
in  the  system,  he  is  served  in  quanta.  This  assumption  may  not  be  realistic, 
especially  where  X/u  is  small,  since  with  the  waiting  line  empty  there  is  no  reason 
for  artificial  interruption  of  service  to  a  customer  (first  suggested  by  Schrage  ), 
it  is  assumed  accordingly  that  service  may  not  be  interrupted  as  long  as  the  waiting 
line  is  empty.  When  there  is  a  new  arrival  during  service  to  such  a  customer,  the 
latter  may  continue  to  be  served  for  a  period  of  length  Q.  If  hi-  service  is  complet¬ 
ed  within  this  additional  period,  he  leaves  the  system,  otherwise  he  is  dismissed 
after  0  ti~  unit,  and  Joins  the  end  of  the  queue.  In  both  cases,  the  server  attends 
the  next  customer  as  soon  a.  he  becomes  free.  In  all  other  respite  the  modified 
model  is  identical  to  the  R.R.l.  model. 


The  improvement  in  system  performance  due  to  the  modification  is  obviously 
^11  when  X/u  i-  large.  However,  when  x/u  is  small  the  improvement  may  be 
considerable.  This  is  shown  in  Figure  5-  The  mathematical  analysis  of  this  mode 
is  given  in  reference^. 


Quantum  processing  time- in  seconds 


figure  5  fspected  toto/  response  times. 
A  corrporison  between  G.Q.l 
and  modified  /?./?.  / 
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I'iQdel  III_-  R.R.l  With  finite  Number  of  Customers 

In  this  model  it  is  assumed  that  the  number  of  potential  customers  is  finite 

and  equals  N  (corresponding  to  a  computer  system  with  a  single  control  processor 

and  N  terminals;,  and  that  the  time  elapsing  from  the  moment  a  customer  completes 

his  service  until  his  next  arrival  at  the  queue  is  exponentially  distributed  with 

mean  1 A  .  In  all  other  respects  this  model  is  identical  to  Model  I  (R.R.l). 

Detailed  mathematical  analysis  is  given  in  reference5,  based  in  part  on  the  works 
c  n 

of  Takacs”  and  Krishnamourthi  and  Wood  . 

Figures  6  and  7  show  the  expected  total  response  time  as  a  function  of  0  for 
different  values  of  N  .  The  case  N  =  o»  ,  representing  the  R.R.l  model,  is  also 
plotted.  The  R.R.l  model  serves  as  a  good  approximation  when  e  is  large  and  the 
load,  Ni/u,  is  low.  Figures  8  and  9  show  the  relation' between  E(T|l*=#)  and  t 
for  different  values  of  N  .  Here  again  it  iB  seen  that  the  approximation  N  =  oo 
is  improved  as  the  load  becomes  lower.  Note  that  the  relations  are  practically 
linear  for  all  illustrated  cases. 


Expected  lota/  response  t/me-  a 


Wf* WW7  'Zr: 


IS£ 


Quantum  processing  time -in  seconds. 

Figure  6  fxpected  Total  Response  Time  as  a  function 
Qf  the  Quantum  Process/ng  time. 


yU-aotsec. 


T*  0.4  sec. 


Quantum  processing  t/me-n  seconds. 

fioure  7  fxpected  rota/  Response  7/me  as  a  funct/bn 
JZIVd-5L-1-  0f  the  Quantum  Process/ng  T/me  . 
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Model  IV  -  R.R.r 

In  all  preceding  models  the  server  is  ignorant  of  the  amount  of  service 
(number  of  service  segments  or  quanta)  already  given  to  the  customers  present  in  the 
Bystem.  Thus,  it  can  be  expected  that  the  i-th  response  time  of  a  customer  xs  not 
strongiy  dependent  on  i.  i.e..  his  expected  total  response  time  xs  approxima  e  y 
an  increasing  linear  function  of  his  service  demand.  This  is  demonstrated  xn  Fxgures 

2,  8  and  9- 

On.  of  tUMtarin*  ey.teme,  inherent  **  R-K-1  “i*1'  “ 

sensitivity  to  ov.rlo.ding  W  ou.to.ets  1th  long  .ervlo.  d«»d.  <lo"g  P™'"**"8 
««„.  pre.enc.  of  customers  ulth  long  s.rvic.  de»nd.  ioors»e.  the  .siting 

,i„,  „f  .11  ou.t-.rs  in  the  W.t»,  »d  «  «—  «'  (-tur.tion)  . 

detod  connot  be  ..tisfl.d  in  s  finite  tine,  ho.ev.r  short  it  -y  be.  On  th.  o  er 
to,,  th.ro  is  -  sufficient  di.oour.g-nt  of  cu.tomerc  .1th  long  -rrto.  de-Ms, 

.1...  .siting  «-  US~...  lin.snly  -i«h  d~M  !«»»•  *"  s'*”*1 
eyete.  i.  fluently  ...rlo.ded  during  pto  hour.  to  und.re,pl.i«ed  during  th.  re. 
of  th.  dW.  «  1.  desirable  to  .r».f.r  sut-.tlo.lly  long  ..rvi=.  *—»>••  P1"*1 
during  peak  hour,  to  1...  MM  hour,  of  th.  d„,  or  even  dl.cou-g.  O-  =-P  <  •  1 
to  ...Ign  th»  to  batch  proceeding  during  nigh.  hour..  «».  «  «»““  «”*• 

.  elth  .  follouing  f-turto  (l)  «-■  *  =>»*  d«to.  1... 

th.  ptoto.  of  long  demands  ttan  In  the  el.pl.  -uM-robln  dl.cW.n. ,  U 
d«tod.  — tlsfied  even  utor  conditio-  of  .vrlo.dlng  («-  “«■>«“» 
the  shorter  the  to-  to,  -  In  order  ..  -  -a—)  .  -  <“» 
tor*—  *  Ml  «—  «■**  *h,lt 

houre.  Needle.,  to  to.  «  •>»..  »•>  »• 
lengths. 

The  R.R.r.  model  i-  proposed  as  a  solution  along  the  above  lines.  It  comprises 
a  single  server  and  r  queues.  Customers  arrive  according  to  a  homogeneous  Poxsson 
process  with  intensity  X  .  Th.  waiting  line  consists  of  r  separate  queues.  A 
newly  arrived  customer  Joins  the  end  of  the  first  queue;  upon  admittance  to  service 
he  is  eligible  for  «.  units  of  service  time.  If  hie  service  demand  is  shorter  than 
»  he  completes  his  service  and  leaves  the  system,  othervise  he  xecexves  ^  unx  s 
of’ service  time  end  Joins  the  end  of  the  second  queue.  In  general,  at  the  i-th  queue 
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the  customer  is  eligible  for  «1  unite  of  service  time  during 
which  he  may  complete  his  service  and  leave  the  system,  or  .join  the  end  or  the  (Ul)-th 
queue  after  receiving  «i  units  of  service  time.  A  customer  in  the  r-th  queue  who 
does  not  complete  hi.  service  within  8r  service  times  units  re-joins  the  end  of  the 
same  queue.  Having  completed  a  service  quantum  at  any  one  of  the  queues,  the  server 
admits  to  service  the  customer  who  is  first  in  the  lowest  index  non-empty  queue.  We 
assume  that  each  quantum  starts  with  a  set-up  time  due  to  swapping,  housekeeping,  etc- 
The  i-th  quantum  thus  comprises  two  elements:  a  set-up  time  of  length  ti  and  a 
processing  tine  not  exceeding  units 

The  mathematical  analysis  is  omitted  here,  and  the  interested  reader  is 
referred  to  an  earlier  paper  by  the  same  authors8  Here  the  main  features  of  the 
model  are  illustrated  by  means  of  graphs 


figure  10  shows,  for  different  values  of  r  .  the  functional  relation  between 
the  total  reeponse  time  of  a  customer  and  the  length  of  his  service  time.  As  r 
increases,  waiting  of  short  demands  decreases  while  waiting  of  long  demands  increases 

In  these  examples  ®  -  0.  i-1,2 . *.  hence  the  unconditional  exacted  total  res- 

ponee  time  is  independent  of  r  Obviously,  any  doorcase  in  waUin,;  Umo  of  short 
demands  is  obtain*  st  the  expense  of  long  demands.  The  term  "short  do.-and"  and 
"load  demand"  are  uaed  here  qualitatively)  in  a  real  situs Lj on,  if  suffices  to  define 
„  overall  objective  function  and  optimize  with  reepect  to  the  control  parameters  r 

and  0. 

Another  way  of  increasing  priority  to  "short"  customers  is  by  increasing  the 

magnitude  of  0  (assuming  0.  -  «,  i-1.2 . *>•  Thls  1S  illu8trated  in  Flg  U* 

where  r  is  kept  constant  for  different  values  of  8.  Note  that  when  «  exceeds 

a  certain  magnitude,  priority  to  short  services  is  reduced  and  the  queue  discipline 
tends  to  MW.  The  time  losses,  represented  by  set-upe,  decrease  when  6  is 

increased  sines  the  valu.  of  *  (assuming  ^  =  x.  r*.2 r)  is  kept  constant 

In  the  preceding  examples  identical  values  of  H,-vo  been  used  in  all  queues. 

i.e.,  0.  -  0,  i-1,2 r.  The  priority  given  to  short  demands  may  be  increased,  at 

the  exueMS  of  long  demands,  by  using  a  decreasing  seouenco  (ly  1=1.2 . r)  of 

quantum  processing  timss.  H.re  a  H.R.r  system  with  a  fixed  quantum  processing  time 
(equaling  8  in  all  queues]  is  oompsrsd  with  nr,  equivalent  system  in  which  ^  is 
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an  arbitrary  sequence.  It  is  assumed  that  set-up  times  are  the  same  constant  for 
all  queues  in  both  systems,  i.e.,  xi  =  x»  i=l,2,...,r,  and  furthermore  that  all 
other  parameters,  except  for  the  quantum  processing  times,  are  identical  in  both 
systems,  Fcr  the  comparison  to  be  meaningful,  the  expected  time  losses  (represented 
by  set-ups)  per  service  must  be  equal  in  both  systems.  This  implies  that  the 
expected  number  of  quanta  per  service  is  the  same  in  both.  Fig.  12  shows  an  example 

where  the  sequence  (©^  1*1,2 . 50)  is  of  the  form  ©^^  =  0.95  ®^>  i=l,2 . 50 

and  ©x  =  10.  The  equivalent  value  of  0  for  the  system  where  6^  =  0,  i-1,2 . 50, 

is  ©  =  2.81. 

As  mentioned  earlier,  during  peak-hours  (oversaturation)  the  R.K.r  system 
still  satisfies  short  demand  while  service  of  long  demand  is  automatically  postponed 
to  non-peak  hours.  This  is  shown  in  Fig.  13-  Table  1  supplements  Fig.  13  by  giving, 
for  each  traffic  intensity,  the  longest  demand  that  can  be  still  served  in  a  finite 
time . 


\pCTWt  £*tif  f\K  <7 

f  tn 


.6 


figure  u-  Expected  Tot  at  Response  Time  far 
0  Serr/ce  Requirement  of  tengr/? 
t  os  a  fund  ton  oft 

(For  different  yatues  of  Of. 


(for  different  values  of  t. rafic  intensity.) 
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Table  It 


Largest  Satisfied  Demand  as  a  Amotion  of  Traffic  Intensity. 

(r  «  100,  u  =  O.Olsec-1,  ^  =  O.lseo,  =  2  sec,  i=l,2 . r) 


Vu 

p  «  xe(s)* 

Number  of 

unsaturated 

queues 

Largest  satisfied 
demand  in  seconds 

0.9 

0.95 

100 

all  demands 

1.0 

1.05 

99 

198 

1.1 

1.16 

99 

198 

3.2 

1.26 

78 

156 

1.3 

1.37 

65 

130 

1.4 

1.47 

56 

112 

1.5 

1.58 

50 

100 

2.0 

2.10 

32 

64 

5.0 

5-25 

10 

20 

*  Note  that  the  steady  state  condition  is  p<l. 
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Model  V  -  R.R^l  '<ith_?riority_Claases.  - 

If,  as  is  commonly  the  case,  a  single  computer  center  dispenses  service  to 
different  classes  of  customers  and  it  is  desired  to  provide  better  service  to  some 
of  them  at  the  expense  of  others,  the  concept  of  priority  is  introduced.  In  a 
combination  of  the  two  disciplines  (i.e.,  a  priority  discipline  with  H.R.  schedule 
in  every  class ) ,  improved  service  to  higher  priority  customers  is  coupled  with  one 
to  customers  with  short  demands  in  every  priority  class.  In  a  computer  system, 
possible  combinations  of  R.R.  schedule  with  a  priority  discipline  are  as  follows: 

(1)  Uninterrupted  service  Quantum  -  at  the  end  of  a  service  quantum  the  next 
customer  admitted  to  service  is  the  highest  priority  customer  present  in 
the  system. 

(2)  Interrupted  service  quantum  -  at  any  moment  $f  time,  the  service  station 
is  occupied  by  the  highest  priority  customer  present.  Here  two  oasis  are 
distinguished  : 

(a)  Round-robin  schedule  with  preemptive-repeat  priority  regime,  where 
the  whole  interrupted  quantum  is  lost. 

(b)  Round-robin  schedule  with  mixed  preemptive  priority  regime.  Assuming 
an  interruption  in  the  set-up  time,  the  given  set-up  is  lost  ;  but 

in  the  event  of  an  interruption  in  the  quantum  processing  time, 
service  is  resumed,  after  a  new  set-up  time,  at  the  point  of  inter¬ 
ruption.  This  model  is  somewhat  more  realistic,  since  service 
interruption  by  a  higher  priority  customer  means  replacement  of  the 
lower  priority  customer’s  program  by  the  higher  priority  one.  When 
there  are  no  higher  priority  customers  in  the  system,  the  interrupted 
customer's  program  is  returned  to  the  magnetic  core  memory,  and  the 
service  resumed  at  the  point  it  was  stopped.  As  mentioned  above, 
these  activities  are  referred  to  as  set-up  activities. 

The  above  cases  were  mathematically  investigated  by  Adiri10.  Another  related 
situation  investigated  by  him,  of  a  rather  theoretical  nature11,  is  the  round-robin 
coupled  with  preemptive-resume  priorities  where  no  time  losses  due  to  interruptions 


are  involved. 
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